Homotopy theory of homotopy presheaves by Chorny, Boris & White, David
ar
X
iv
:1
80
5.
05
37
8v
2 
 [m
ath
.A
T]
  2
6 N
ov
 20
18
HOMOTOPY THEORY OF HOMOTOPY PRESHEAVES
BORIS CHORNY AND DAVID WHITE
Abstract. We develop a homotopy theory of (small) homotopy functors from
a combinatorial model category to simplicial sets and give a version of the classi-
cal theorem by Dwyer and Kan on comparison of model categories of homotopy
functors, [DK87, Theorem 2.2]. Moreover, we interpret the fibrant-projective
model structure, which appeared for the first time in [BC15], as another model
for homotopy theory of homotopy functors, provided that all object in the do-
main category are cofibrant.
Introduction
Topological spaces T and simplicial sets S are Quillen equivalent simplicial
model categories. It is quite clear though, that the categories of small functors
from T and S are very far apart, but what about the homotopy functors on
these categories? Similarly, there are many choices of Quillen equivalent model
structures for spectra, and it is natural to ask which Quillen equivalences lift
to categories of homotopy functors from spectra to spaces. Finally, one can ask
whether the Dold-Kan equivalence between the connective chain complexes and
simplicial abelian groups lifts to an equivalence of categories of homotopy functors
to spaces.
A classical theorem by Dwyer and Kan, [DK87, Theorem 2.2], gives a necessary
and sufficient condition for a functor f : (A
˜
, U
˜
) → (B
˜
, V
˜
) of two (small) relative
categories (in the terminology of [BK12]) to induce an equivalence of homotopy
theories, cf. [DK87, 1.3(vii)], f ∗ : SB˜ ,V˜ → SA˜ ,U˜ between the categories of functors
taking the distinguished subcategories U
˜
and V
˜
to weak equivalences. The suffi-
cient condition is that the map f induces the Dwyer-Kan,[DK87, 1.3(ii)], equiva-
lence on the simplicial localization of of A and B with respect to the morphisms
of U and V . Following [BK12], we call such maps weak equivalences of relative
categories. The necessary condition for the Dwyer-Kan theorem is that the map
f is an r-equivalence, [DK87, 1.3(iii)]. This concept is not discussed in our paper.
We suggest a reformulation of their result in the modern terms. Instead of the
categories of functors taking certain subcategories to weak equivalences we suggest
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to use the localization of the projective model structure on SA˜ in such a way that
the fibrant objects would be precisely the levelwise fibrant functors taking every
map in U
˜
to a weak equivalence. This localization gives rise to the homotopy model
structure on the category of functors. We are going to discus in Section 2 how
to perform such localization for a model category A
˜
and the subcategory of weak
equivalences U
˜
. The case of the small relative category (A
˜
, U
˜
) follows straight-
forward using the standard localization technique. Let us replace, therefore, the
concept of the “equivalence of homotopy theories”, [DK87, 1.3(vii)], by the con-
cept of Quillen equivalence of the homotopy model structures, or, alternatively, by
a closely related concept of the Dwyer-Kan equivalence of the full subcategories
spanned by objects which are both fibrant and cofibrant.
The new formulation of the Dwyer-Kan theorem is as follows: a weak equivalence
of relative categories f : (A,U) → (B, V ) induces the Dwyer-Kan equivalence of
the subcategories of objects, which are both fibrant and cofibrant between the
homotopy model categories of functors f ∗ : SB → SA, where the fibrant functors
are those that take the morphisms of U, respectively, V, to the weak equivalences
of simplicial sets.
In this paper we ask the same question, replacing the Dwyer-Kan equivalent
relative categories with Quillen equivalent model categories. The categories of
diagrams become the categories of small functors, where the smallness assumption
allows us to avoid set theoretical difficulties. Such functor categories carry the
projective model structure, [CD09], but if we hope to obtain an induced Quillen
equivalence between the categories of small functors, then we need to localize
our model categories in such a way that the fibrant objects would be the levelwise
fibrant homotopy functors. Such a localized model structure is called the homotopy
model structure on functors. We now state our main result, which is proven in
Theorems 2.1 and 3.2.
Theorem A. Let A and B be simplicial, combinatorial model categories with all
objects cofibrant. Then:
(1) There exist localizations of the projective model structure on SA and SB,
such that the fibrant objects are precisely the homotopy functors.
(2) Any Quillen equivalence L : A ⇆ B : R induces a Quillen equivalence
(R∗, L∗) on the model categories from (1).
In addition to the main result we show, in Theorem 2.2, that the category
of small functors with the fibrant-projective model structure, [BC15], is Quillen
equivalent to the homotopy model structure on the same category, provided that
all the objects in the domain model category are cofibrant. This allows us to use
the fibrant-projective model structure as a replacement for the homotopy model
structure, when the latter is not known to exist.
Another way to get around the condition that all objects are cofibrant is to
use some result allowing us to replace given categories A (resp. B) with Quillen
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equivalent model categories Ac (resp. Bc) with all objects cofibrant. There are
two possibilities: [Dug01, CR14]; the main result of [CR14] is recalled in Theorem
4.1, and has the benefit of allowing us to work with objects of the same category,
rather than with simplicial presheaves. However, Theorem 4.1 requires that A and
B be simplicial model categories, whereas Dugger’s result [Dug01] does not.
Using this replacement, we demonstrate in Section 4 how to apply Theorem A
to lift numerous classical Quillen equivalences to categories of homotopy functors,
including equivalences between different model categories for spaces, spectra, chain
complexes, diagram categories, simplicial (pre)sheaves, motivic spectra, and ∞-
categories. We show in Section 4.2 how to lift the Dold-Kan equivalence and
equivalences between categories of operad-algebras to Quillen equivalences between
homotopy model structures of functors to S . The slogan throughout is that the
homotopy theory of homotopy functors is homotopy invariant.
Acknowledgements. We are grateful to Brooke Shipley and Karol Szumi lo for valu-
able comments.
1. Preliminaries
In this section we recall the homotopy theory of small functors and establish
some basic properties of the model categories of small functors. We assume the
reader is familiar with the basics of model categories and left Bousfield localization,
e.g. [Hov99], [Hir03]. Note that all our model categories and functors between
them are simplicial.
Definition 1.1. Let A be a simplicial category. A functor F : A → S is small
if it is a left Kan extension from some small subcategory. In other words, there
exists a small full subcategory i : A′ →֒ A, such that F = Lanii
∗F . We denote the
category of small functors from A to S by SA.
Remark 1.2. Note that in the book by M. Kelly, [Kel82], small functors are called
accessible, which does not correspond to modern terminology, though accessible
functors are always small and small functors of accessible categories are accessible.
A functor is small if and only if it is a small (weighted) colimit of representable
functors, [Kel82, Proposition 4.83]. Since the category of small functors from A to
S is cocomplete, [Kel82, Proposition 5.34], in particular tensored over S , a colimit
of functor G : (A′)op → SA weighted by the functor F : A′ → S may be computed
using the coend formula: F ⋆A′ G =
∫ A∈A′
FA⊗GA, [Kel82, 3.70].
1.1. The induced adjunction. Now we would like to analyze what kind of func-
tors are induced on the categories of small functors by an adjunction of domain
categories.
Proposition 1.3. Given a pair of adjoint functors L : A ⇆ B : R between two
simplicial categories, consider the pair of induced functors on the categories of
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small functors R∗ : SA ⇆ SB :L∗, where R∗ and L∗ are defined by precomposing
with R and L, respectively. Then the functor R∗ is defined (takes values in small
functors) for any two categories A and B; L∗ is defined if A and B are accessible
categories; and if R∗ and L∗ are defined, then R∗ is a left adjoint of L∗.
Proof. Note that every small functor F ∈ SA is a weighted colimit of representable
functors. Then
R∗(F ) = R∗(
∫ A
hom(A,−)⊗FA) =
∫ A
hom(A,R−)⊗FA =
∫ A
hom(LA,−)⊗FA
is also small as a weighted colimit of representable functors.
Given a representable functor RB = homB(B,−), L
∗RB = hom(B,L−) is no
longer representable, but it is λ-accessible if B is λ-presentable, hence it is a small
functor as an accessible functor of accessible categories.
For any G ∈ SB,
L∗G = L∗(
∫ B
hom(B,−)⊗GB) =
∫ B
hom(B,L−)⊗GB
is a weighted colimit of small functors, which is again small [Kel82, 5.34].
Then
hom(R∗(F ), G) = hom(R∗(
∫ A
hom(A,−)⊗ FA), G) =∫
A
hom(hom(A,R(−))⊗ FA,G) =
∫
A
hom(FA, hom(hom(LA,−), G)) =∫
A
hom(FA,G(LA)) =
∫
A
hom(FA,L∗G(A)) =
∫
A
hom(FA, hom(hom(A,−), L∗G)) =∫
A
hom(hom(A,−)⊗ FA,L∗G) = hom(
∫ A
hom(A,−)⊗ FA,L∗G) =
hom(F, L∗G).

1.2. Quillen Pairs. We are interested in the homotopy theory of small functors.
The projective model structure (weak equivalences and fibrations are levelwise)
on the category of small functors was constructed in [CD09, Theorem 3.1] for all
cocomplete domain categories. The condition of cocompleteness is required to
ensure that the category of small functors is complete, [DL07, Corollary 3.9].
Proposition 1.4. Given a Quillen pair (L,R), the adjunction (R∗, L∗) constructed
in Proposition 1.3 is also a Quillen pair for the projective model structure on the
categories of small functors.
HOMOTOPY THEORY OF HOMOTOPY PRESHEAVES 5
Proof. Consider the adjunction
SA
R∗
++
SB
L∗
kk
between two model categories of small functors equipped with the projective model
structure, [CD09]. Suppose f : F → G is a (trivial) fibration in SB. Consider
the induced map L∗f : L∗F → L∗G in SA. Let A ∈ A be an arbitrary object.
Then fLA : F (LA) → G(LA) is a (trivial) fibration by assumption. Furthermore,
L∗fA = fLA is also a (trivial) fibration:
(L∗F )(A)
L∗fA
// (L∗G)(A)
F (LA)
( /o )
fLA
// // G(LA)

The fibrant-projective model structure on the category of small functors with
domain in a combinatorial model category (weak equivalences and fibrations are
levelwise in fibrant objects) was constructed in [BC15, Definition 3.2]. This is a
particular case of the relative model structure, [Cho15, Definition 2.2]. In the next
proposition we analyze its interaction with a Quillen pair between the domain
categories.
Proposition 1.5. Given a Quillen pair (L,R), the adjunction (R∗, L∗) constructed
in Proposition 1.3 is a Quillen pair for the fibrant-projective model structure on
the categories of small functors if and only if the left adjoint L preserves fibrant
objects.
Proof. The “if” direction follows in the same manner as the proposition above.
For the “only if” direction, we need to show that for every fibrant A ∈ A
the map p : LA → ∗ has the right lifting property with respect to any trivial
cofibration i : B1 ˜→֒B2 in B. By [Hir03, Prop. 9.4.3], it suffices to show that (i, p)
is a homotopy lifting-extension pair. In other words, it suffices to show that
hom(B2, LA)→ hom(B1, LA) is a trivial fibration of simplicial sets.
For any trivial cofibration i : B1 ˜→֒B2 inB the induced map of representable func-
tors i∗ : hom(B2,−) → hom(B1,−) is a trivial fibration in the fibrant-projective
model structure on SB. Since L∗ is a right Quillen functor, the map
L∗i∗ : hom(B2, L−)→ hom(B1, L−)
is a trivial fibration in the fibrant-projective model structure on SA, i.e.,
hom(B2, LA)։˜hom(B1, LA)
is a trivial fibration of simplicial sets for all fibrant A ∈ A. 
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2. Homotopy model structure
Let A be a simplicial combinatorial model category. Recall that homotopy func-
tors are the functors preserving the weak equivalences. Homotopy model structure
on the category of small functors SA is a localization of the projective model struc-
ture, if it exists, in such a way that the local objects are the projectively fibrant
homotopy functors. We will only construct the homotopy model structure on the
category of small presheaves SA under the additional assumption that all objects
of A are cofibrant.
2.1. Lifting Quillen equivalences. This assumption seems quite strong, but
actually every combinatorial, simplicial model category A is Quillen equivalent
to a combinatorial, simplicial model category with this property, in several ways.
One way, due to Ching and Riehl [CR14], is discussed in Section 4, and consists
of a Quillen equivalence A ⇆ Ac where Ac consists of cofibrant objects in A. A
Quillen equivalence A ⇆ B induces a Quillen equivalence Ac ⇆ Bc, as discussed
in Section 4.
A different way to replace A, by a (zig-zag) Quillen equivalent combinatorial,
simplicial model category with all objects cofibrant, is due to Dugger [Dug01], and
does not require A to be simplicial. Given a Quillen equivalence of combinatorial
model categories, it is easy to lift it to a Quillen equivalence of combinatorial model
categories with all objects cofibrant. Following Dugger’s argument, [Dug01], we
can choose a cardinal λ, such that the presheaf categories over the λ-presentable
objects of A and B could be localized into model categories Quillen equivalent to A
and B. We can also ensure that adjoint functors (L,R) are strongly λ-accessible
functors, i.e., that their restriction defines an adjunction between the subcate-
gories Aλ and Bλ of lambda presentable objects. Then the induced adjunction
between presheaf categories (Proposition 1.3) is a Quillen pair if these categories
are equipped with the projective model structure, Proposition 1.4. We use this
result in settings where A and B are not simplicial model categories.
2.2. Localization construction. In this section we localize the projective model
structure on the category of small functors SA with respect to the the following
class of maps
SA = {hom(A1,−)→ hom(A2,−)|A1→˜A2 in A} ,
so that the fibrant objects in the new model structure are precisely the homotopy
functors. The resulting model structure is the homotopy model structure on SA.
Since the projective model structure is not cofibrantly generated and SA is a proper
class of maps, neither Smith’s, nor Hirschhorn’s localization technique may not be
applied. We will use the Bousfield-Friedlander, [BF78, Appendix A], Q-model
structure construction further improved by Bousfiled, [Bou01, Theorem 9.3].
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Theorem 2.1. Let A be a simplicial combinatorial model category with all objects
cofibrant. Then there exists a localization of the projective model structure on SA,
such that the fibrant objects are precisely the homotopy functors.
Proof. Since A is a simplicial combinatorial model category, we can choose and fix
a continuous, accessible fibrant replacement functor FibA : A→ A together with a
natural transformation ε : IdA → FibA. All these properties are required to ensure
that the precomposition of FibA with a small functor F : A→ S produces a small
functor again.
We denote the fibrant replacement in S by (̂−). In this case the homotopy
approximation functor may be constructed very explicitly. Namely, for any small
F : A → S, we can put H(F ) = F̂ib∗
A
F = ̂F ◦ FibA. It is equipped with the
coaugmentation: F̂ ε : F → F̂ib∗
A
F . This is a homotopy idempotent construction,
which takes values in homotopy functors, since weak equivalences of objects which
are fibrant and cofibrant are simplicial weak equivalences, [Qui67], and the latter
are preserved by simplicial functors, cf. [BCR07, Proposition 3.3]. Conversely,
By [Rav15, Theorem 5.3], H-equivalences are precisely the local equivalences
with respect to the fibrant homotopy functors. Since our construction is very
simple, we can see immediately that H-equivalences, i.e., maps rendered into the
projective weak equivalences by the functor H, are precisely the fibrant-projective
weak equivalences of small functors, [BC15, Def. 3.2], i.e., the natural transforma-
tions of functors inducing weak equivalences of fibrant objects.
It remains to verify that our localization construction satisfies the conditions
A1-A3 of [Bou01, Theorem 9.3]. The projective model structure on the category
SA of small functors is proper by [BC15, Theorem 3.6], since S is a right proper
model category and a strongly left proper monoidal model category, [DRØ03,
Definition 4.5].
A1 and A2 are satisfied by the construction of H and the discussion above. To
verify A3 consider the a pullback of a fibrant-projective weak equivalence along a
projective fibration. Since S is right proper, the base change of a fibrant-projective
weak equivalence is a fibrant-projective weak equivalence again.
Hence the left Bousfield localization exists, and defines the H-local model struc-
tureon the category of small functors from A to S. This is the homotopy model
structure, since the H-local objects are precisely the projectively fibrant homotopy
functors. In other words H-localization is the localization with respect to SA. 
2.3. Fibrant-projective model structure. We now discuss how to remove the
condition that all objects of A are cofibrant. There is a substitution for the ho-
motopy model structure, that works without this condition, namely the fibrant-
projective model structure of [BC15, Theorem 3.6]. The latter exists whenever A
is combinatorial. We show now that, when both of these model structures exist,
that they agree.
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Theorem 2.2. Let A be a simplicial combinatorial model category with all objects
cofibrant. Then the pair of identity functors induces the Quillen equivalence of the
homotopy and the fibrant-projective model structures.
Proof. Consider the pair of adjoint functors
Id : SAfib-proj ⇄ S
A
proj : Id,
where the left adjoint is pointing from left to right.
This is a Quillen pair because the right adjoint obviously preserves fibrations
and trivial fibrations. Now we localize the projective model structure and obtain
the homotopy model structure on the right hand side. The identity functors still
form an adjoint pair
Id : SAfib-proj ⇄ S
A
ho : Id,
where SAho denotes the homotopy model structure. This adjoint pair is still a
Quillen pair, as a composition of the previous adjunction with the Quillen pair
arising from the left Bousfield localization of the projective model structure. To
show that this is a Quillen equivalence we will use [Hov99, Cor. 1.3.16]. The left
adjoint reflects weak equivalences, since the fibrant approximation in the homo-
topy model structure (precomposition with the fibrant replacement in A and the
levelwise fibrant replacement in S ) can only change the values of a functor in
fibrant objects up to a weak equivalence.
It remains to show that for every fibrant (homotopy) functor F ∈ SAho, the
natural cofibrant replacement map i : F˜ → F (in SAfib-proj) is still a weak equivalence
in the homotopy model structure. Since the cofibrant replacement is taken in the
fibrant-projective model structure, i induces a weak equivalence between the values
of the functors in fibrant objects. Applying on i the fibrant replacement procedure
in the homotopy model structure, we obtain a levelwise weak equivalence, i.e., i is
an H-equivalence. 
3. Main result
3.1. Still a Quillen Pair. First we need to show that the adjunction (R∗, L∗) is
still a Quillen adjunction after the localization performed in Section 2.
Proposition 3.1. Consider a Quillen pair of two combinatorial model categories
L : A⇆ B :R, then the adjunction (R∗, L∗) constructed in Proposition 1.3 between
the categories of small functors equipped with the projective model structure is also
a Quillen pair by Proposition 1.4. Assume in addition that all objects of A and
B are cofibrant. Then the adjunction (R∗, L∗) remains a Quillen pair for the
homotopy model structure.
Proof. By Dugger’s lemma [Hir03, 8.5.4], it is sufficient to verify that the right ad-
joint L∗ preserves fibrations of fibrant homotopy functors and all trivial fibrations.
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Trivial fibrations are preserved since L∗ is the right Quillen functor in the non-
localized model structure and trivial fibrations do not change (since cofibrations
do not) under the left Bousfield localization.
Given a fibration of two fibrant homotopy functors f : F ։ G in SB, then the
induced map
L∗f : F (L−) = L∗F ։ L∗G = G(L−)
is again a levelwise fibration.
Notice that L preserves trivial cofibrations as a left Quillen functor. By Ken
Brown’s lemma, L preserves weak equivalences between cofibrant objects. Since
all objects of A are cofibrant, L preserves weak equivalences.
Then L∗f is a fibration of homotopy functors, since L, G and, hence, G ◦ L are
homotopy functors, i.e., L∗f is a fibration in the localized model structure. 
3.2. Quillen equivalence. We are ready now to prove our main result stating
that if the Quillen pair (L,R) is a Quillen equivalence of model categories with all
objects cofibrant (in a sense, cofibrant model categories), then the induced Quillen
pair (R∗, L∗) between the categories of small functors to spaces, equipped with the
localized fibrant-projective model structure, is also a Quillen-equivalence.
Theorem 3.2. Given a Quillen equivalence L : A⇆ B : R of two model categories
with all objects cofibrant, the induced Quillen pair (R∗, L∗) on the categories of
small functors equipped with the homotopy model structure (obtained as a localiza-
tion of the projective model structure) is also a Quillen equivalence.
Proof. We will use the criterion for a Quillen pair to be a Quillen equivalence,
[Hov99, Corollary 1.3.16(c)].
First we show that the right adjoint L∗ reflects weak equivalences of fibrant
objects. Given a map of homotopy functors f : F → G, assume that the induced
map L∗f : L∗F → L∗G is a weak equivalence (of homotopy functors, since L
preserves weak equivalences).
For every B ∈ B consider its fibrant replacement B ˜→֒Bˆ and put A = RBˆ ∈ A.
Then LA→˜Bˆ is a weak equivalence, since (L,R) is a Quillen pair. We obtain the
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following commutative diagram:
F (B)
fB
//
O

G(B)
O

F (Bˆ)
f
Bˆ
// G(Bˆ)
F (LA)
O
OO
// G(LA)
O
OO
L∗F (A)
/o
// L∗G(A).
Therefore, fBˆ is a weak equivalence and hence fB is a weak equivalence for all
B ∈ B by 2-out-of-3 property, hence f is a weak equivalence.
It remains to show that, for every cofibrant F ∈ SA, the derived unit of the
adjunction constructed in Proposition 1.3
(1) F → L∗HR∗F
is a weak equivalence in the homotopy model structure.
Note that L∗H(R∗F (−)) = L∗HF (R(−)) = L∗F̂ (RFibB(−)) = F̂ (RFibBL(−)).
Since the pair (L,R) is a Quillen equivalence, for all (cofibrant) X ∈ A there is a
weak equivalence X→˜RFibBL(X). Hence, the initial map (1) is a weak equivalence
in the homotopy model structure because we can apply H also to F turning it into
the homotopy functor. 
Corollary 3.3. Assume A and B satisfy the conditions of Theorem 3.2, and sup-
pose that the homotopy model structures on SA and SB, from Theorem 2.1, exist.
Then the fibrant-projective model structures on SA and SB are Quillen equivalent.
Proof. By Theorem 2.2, the fibrant-projective model structure on SA is Quillen
equivalent to the homotopy model structure, and the same for SB. By Theorem
3.2, the homotopy model structures are Quillen equivalent. Hence, the fibrant-
projective model structures are Quillen equivalent, via a chain of Quillen equiva-
lences. 
4. Examples
As discussed in the introduction, the main result of this paper applies to cat-
egories of spaces, spectra, equivariant and motivic spectra, simplicial presheaves,
chain complexes, and simplicial k-modules. Since Theorem A requires all objects
to be cofibrant, we first need to find Quillen equivalent model structures where
this condition holds. Our main tool will be [CR14, Theorem 2.5], which we restate
here for convenience:
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Theorem 4.1 (Ching-Riehl Theorem 2.5). If M is a combinatorial, simplicial
model category, then there is a Quillen equivalence (u ⊣ c) : M ⇆ Mc to a
combinatorial, simplicial model category Mc with all objects cofibrant.
The category Mc is the category of c-coalgebras where c is the cofibrant re-
placement comonad constructed in [CR14, Lemma 1.3], so the objects in Mc are
cofibrant objects in M.
Observe that any left Quillen functor L :M→ N (with right adjoint R) yields
a left Quillen functor L ◦ u : Mc → N (with right adjoint R ◦ c). Furthermore,
L is a Quillen equivalence if and only if L ◦ u is a Quillen equivalence by [Hov99,
Corollary 1.3.15]. As observed in [WY16], a Quillen pair L :M⇆ N : R induces
a Quillen pair Mc ⇆ Nc which will be a Quillen equivalence if (L,R) is one, by
[Hov99, Corollary 1.3.15]. Since the functor induced by L matches L, we abuse
notation and denote the new adjunction by (L,R) also.
4.1. Spaces and Spectra. Let T∆ denote the category of ∆-generated spaces, a
combinatorial model for topological spaces [Dug03, FR08], Quillen equivalent to
the usual model structure on topological spaces. Then T∆c is a model for topo-
logical spaces satisfying the conditions of Theorem A. Similarly, beginning with
the projective stable model structure SymSpecproj on symmetric spectra [HSS00],
or with the positive (resp. positive flat) stable model structures SymSpec+ (resp.
SymSpec+,f) [Shi04], the categories of cofibrant objects SymSpecProjc , SymSpec
+
c ,
and SymSpec+,fc satisfy the conditions of Theorem A, as does the injective model
structure SymSpecinj of [HSS00]. That these model categories are simplicial fol-
lows from [HSS00, Corollary 1.3.6], [MMSS01, Theorem 6.5], [Per16, Theorem 1.4],
and by Theorem 4.1.1 in [Hir03] for the stable model structures.
As discussed in [Whi14, Section 8], the category of G-equivariant orthogo-
nal spectra GSpec built on ∆-generated spaces is a locally presentable category.
Hence, the same considerations apply to the various model structures on G-
equivariant orthogonal spectra. The projective, injective, positive, and positive
flat model structures are topological (hence simplicial) model categories, just as
in [Sto11, Theorem 2.2.46, 2.2.49, 2.3.37]. Hence, the following model structures
satisfy the conditions of Theorem A: GSpecprojc , GSpec
inj, GSpec+c , GSpec
+,f
c built
following [Sto11], [HW13] and then applying Theorem 4.1.
Lastly, the category MSS(S) of motivic symmetric spectra relative to a base
scheme S [Jar00] is locally presentable and simplicial. It has several model struc-
tures built from the projective and injective model structures Spc(S)proj, Spc(S)inj
on motivic spaces, which are themselves combinatorial and simplicial [Hor06, The-
orem 1.8], [Jar00, Lemma 2.1]. It follows that the following model structures sat-
isfy the conditions of Theorem 4.1: MSS(S)proj [HKØ15, Theorem 3.6],MSS(S)+c
[Hor13, Theorem 3.4], and MSS(S)+,fc [Hor13, Section 4.1]. Next, the following
model structures satisfy the conditions of Theorem A: MSS(S)projc ,MSS(S)
+
c ,
and MSS(S)+,fc (by Theorem 4.1), and MSS(S)
inj (by [Jar00, Theorem 4.5]).
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There are other model structures on motivic symmetric spectra, e.g. the flasque
model structureMSS(S)flasque built from the global flasque model structure Spc(S)flasque
on motivic spaces (both of which satisfy the conditions of Theorem 4.1) [Hel15, Sec-
tion 2.1]. These model structures also have generalizations to equivariant motivic
spaces GSpc(S) and spectra GMSS(S), that satisfy the conditions of Theorem
4.1 [HKØ15, Theorem 3.11, Theorem 4.3]. There is also the model structureMmo
on Spc(S) [DRØ03(a), Section 2.1] and the spherewise model structure MFsph
[DRØ03(a), Theorem 3.31], Quillen equivalent to Jardine’s injective model struc-
tures. These model structures satisfy the conditions of Theorem 4.1, by Lemma
2.19, Theorem 2.7, and Notation 2.8 of [DRØ03(a)]. By applying Theorem A (plus
Theorem 4.1 to cases where not all objects are cofibrant) we obtain:
Theorem 4.2. Let C denote any of the categories SymSpec,GSpec, or MSS(S).
Each of the following Quillen equivalences:
(1) L = Sing : T∆c ⇆ Sc : | − | = R,
(2) L = Id : C+c ⇆ C
Proj
c : Id = R, between the positive and projective stable
model structures,
(3) L = Id : Cf,+c ⇆ C
+
c : Id = R, between the positive flat and positive stable
model structures, or
(4) L = Id : CInjc ⇆ C
Proj
c : Id = R, between the injective and projective stable
model structures,
(5) Base change MSS(S)inj ⇆ MSS(S ′)inj along a motivic weak equivalence
S → S ′ between cofibrant motivic spaces [PPR07, Lemma A.43].
(6) L = Id : (Mmo)c ⇆ Spc(S)
inj
c : Id
(7) L :MSS(S)injc ⇆ (MFsph)c : ev
(8) L = Id : GSpc(S)flasque ⇆ GSpc(S)inj : Id
(9) L = Id : GSpc(S)projc ⇆ GSpc(S)
flasque
c : Id
(10) L = Id : GMSS(S)flasque ⇆ GMSS(S)inj : Id
(11) L = Id : GMSS(S)projc ⇆ GMSS(S)
flasque
c : Id
induces a Quillen equivalence (R∗, L∗) on the homotopy model structures of func-
tors to S .
Remark 4.3. Similarly to (1) above, one could also form a Quillen equivalence
between injective symmetric spectra built on S and injective symmetric (or or-
thogonal) spectra built on T∆c , or between projective, positive, or flat model struc-
tures after passage to cofibrant objects as in (2)-(4). Similarly to (6) and (7),
one could form Quillen equivalences between symmetric spectra and the Lydakis
model structure for stable homotopy theory [Lyd98].
4.2. Algebraic Examples. The projective model structure on unbounded chain
complexes M = Ch(R)proj over a ring R, dates back to Hovey [Hov99] (the
bounded version is due to Quillen [Qui67]). The simplicial structure we use is
the one described in [BD07]. Sections 2, 3, and 4 (respectively) of [BD07] describe
the simplicial tensor, cotensor, and the simplicial mapping spaces of the category
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of functors from spaces to chain complexes, and the description works just as well
for constant-valued functors, i.e. chain complexes themselves. The simplicial ten-
sor can be used to define, for morphisms f : A→ B inM and g : K → L in sSet,
a morphism f  g in M. The SM7 axiom has three parts [Qui67]:
(1) If f is a cofibration in M and g is a cofibration in sSet then f  g is a
cofibration in M.
(2) If f is a trivial cofibration in M and g is a cofibration in sSet, then f  g
is a weak equivalence.
(3) If f is a cofibration in M and g is a trivial cofibration in sSet then f  g
is a weak equivalence.
It is easy to verify (1), using its alternative characterization via simplicial map-
ping spaces [Hov99, Lemma 4.2.2(2)] and the observation that the fibrations of
Ch(R)proj are the degreewise surjections. For (2), we may proceed as in [BD07]
and use that the normalized chain complexes N(K) and N(L) are cofibrant, and
cofibrant objects in M are flat, to prove f  g is a trivial cofibration. Finally, to
verify (3), we may proceed as in [BD07] and observe that, if g is a trivial cofibration
in sSet, then it induces a weak equivalence of simplicial abelian groups N(g). This
is a homotopy equivalence, hence a homotopy equivalence of chain complexes. It
follows that A⊗g and B⊗g are homotopy equivalences (hence quasi-isomorphisms)
and hence so is f  g by the two out of three property. The same proof verifies
the SM7 axiom for the projective model structure on bounded below complexes
Ch(R)proj≥0 . However, the injective model structure fails the SM7 axiom, just as it
fails the pushout product axiom [Hov99, Page 112]. Hence, to apply Theorem A
to the Quillen equivalence between the injective and projective model structures
on chain complexes, we must use Dugger’s approach from Section 2.1. We denote
the resulting Quillen equivalence D(id) : D(Ch(R)inj)⇆ D(Ch(R)proj) : D(id).
The category sMod(R) of simplicial R-modules also satisfies the SM7 axiom
[Qui67]. We denote by Ch≥0(R)
c the model category of cofibrant objects obtained
from Theorem 4.1, applied to the projective model structure on chain complexes.
If k is a field, then all objects of Ch≥0(k) are already cofibrant. There are also sim-
plicial model structures on bounded cochain complexes Ch≥0(R), and cosimplicial
R-modules Rmod∆, exposited in [Ste10] (the proof there is written for R = Z but
holds for general R). The generating (trivial) cofibrations are exactly analogous to
the projective model structure on chain complexes, and hence, when R is a field,
all objects are cofibrant. In this case, all objects in Rmod∆ are also cofibrant. The
classical dual Dold-Kan equivalence N : Ab∆ ⇆ Ch≥0(Z) : K can be generalized
and turned into a Quillen equivalence following [CC04], replacing K by a functor
Q.
Theorem 4.4. Each of the following Quillen equivalences:
(1) the Dold-Kan equivalence N : sMod(k)⇆ Ch≥0(k) : Γ, where k is a field,
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(2) the Dold-Kan equivalence N : sMod(R)c ⇆ Ch≥0(R)
c : Γ, where R is any
ring,
(3) the dual Dold-Kan equivalence N : kMod∆ ⇆ Ch≥0(k) : Q, where k is a
field,
(4) the dual Dold-Kan equivalence N : RMod∆c ⇆ Ch
≥0(R)c : Q, where R is
any ring, and
(5) the identity Quillen equivalence D(id) : D(Ch(R)inj) ⇆ D(Ch(R)proj) :
D(id), where R is any ring,
induces a Quillen equivalence on the homotopy model structures of functors to S .
In [WY16], the second author and Donald Yau showed how to extend Quillen
equivalences to categories of algebras over colored operads. Whenever the base
model categoriesM andN are combinatorial and simplicial, so are the categories of
algebras over any colored operad (as can be proven exactly as in the proof of [Lur∞,
Proposition 4.1.8.3(3)]). Hence, given any nice Quillen equivalence L :M⇆ N : R
[WY16, Definition 3.5.5] and any weak equivalence of entrywise cofibrant operads
f : O → RP , the induced Quillen equivalence Alg(O;M)c ⇆ Alg(P ;N)c satisfies
the conditions of Theorem A. Note that this is a Quillen equivalence of model
categories, rather than the semi-model categories considered in [WY16], because
all objects are cofibrant.
Examples [WY16, Section 7] include the chain of Quillen equivalences between
(commutative) algebras over the Eilenberg-Maclane spectrum HR and (commu-
tative) differential graded R-algebras, Quillen equivalences between commutative
algebras and E∞-algebras in symmetric spectra, chain complexes, and motivic
spectra, and Quillen equivalences between commutative equivariant ring spectra
and algebras over a complete N∞-operad algebra as discussed in [GW17]. We thus
obtain numerous examples of Quillen equivalences of homotopy model structures
of functors from operad-algebras to S
4.3. Simplicial presheaves. In 1984, Joyal introduced a model structure on sim-
plicial sheaves [Joy84]. In 1987, Jardine introduced the injective and injective-
local model structures on simplical presheaves, and verified the SM7 axiom [Jar87,
Proposition 1.4]. All three are combinatorial [Lur09, Remark 5.5.1.5], and have all
objects cofibrant (the cofibrations are the monomorphisms). Hence, any left Bous-
field localization of these model structures is also combinatorial, simplicial, and
has all objects cofibrant [Hir03, Theorem 4.1.1]. The sheafification-inclusion ad-
junction (s ⊣ i) : sPreinj,loc(C)⇆ sShvinj(C) is a Quillen equivalence for any small
site C. The localization is with respect to the sieve inclusions F ({Ui})→ F (U) for
each covering family {Ui → U} and each F ∈ sPre(C). Similarly, the Cˇech model
structure sPreCˇech,inj(C) on sPre(C), a localization with respect to the Cˇech hyper-
covers [Dug98], is Quillen equivalent via sheafification to the Cˇech model structure
on simplicial sheaves, sShvCˇech,inj(C), and both have all objects cofibrant.
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The Quillen equivalence also holds for projective model structures sPreproj,loc(C)⇆
sShvproj(C) due to Blander [Bla01] and Brown-Gersten [Bla01, BG73], which are
combinatorial and simplicial, but need not have all objects cofibrant. The same
is true for the flasque model structure [Isa04, Corollary 3.6]. However, Theo-
rem 4.1 gives Quillen equivalent model structures with all objects cofibrant, and
a Quillen equivalence s : sPreproj,loc(C)c ⇆ sShvproj(C)c : i. Similarly, the
projective analogues of the Cˇech model structures have a Quillen equivalence
s : sPreCˇech,proj(C)c ⇆ sShvCˇech(C)c : i.
The identity functors provide a Quillen equivalence between the projective and
injective model structures on sPre(C), for any small category C [Isa04, Theorem
2.2], and this Quillen equivalence is maintained [DHI04, Section 2] on local versions
of these model structures Id : sPreproj,loc(C) ⇆ sPreinj,loc(C) : Id, for the case
when C is a site.
Theorem 4.5. Each of the following Quillen equivalences:
(1) s : sPreinj,loc(C)⇆ sShvinj(C) : i,
(2) s : sPreproj,loc(C)c ⇆ sShvproj(C)c : i,
(3) s : sPreCˇech,inj(C)⇆ sShvCˇech(C) : i,
(4) s : sPreCˇech,proj(C)c ⇆ sShvCˇech(C)c : i,
(5) Id : sPreproj(C)c ⇆ sPreinj(C)c : Id, and
(6) Id : sPreproj,loc(C)c ⇆ sPreinj,loc(C)c : Id,
induces a Quillen equivalence (R∗, L∗) on the homotopy model structures of func-
tors to S .
4.4. Diagram categories. If M is a combinatorial, simplicial model category,
and C is a small category, then the projective model structure on diagramsMCproj,
the injective model structure MCinj, and (if C is a Reedy category) the Reedy
model structure MCReedy are all combinatorial and simplicial, by [HKRS17, The-
orem 3.4.1], [Hir03, Theorem 11.7.3], [Rez10, Section 2.5], [Bar10, Lemma 3.33],
and [Hir03, Theorem 15.3.4]. The identity functors provide Quillen equivalences.
Theorem 4.6. Each of the following Quillen equivalences:
(1) Id : (MCproj)c ⇆ (M
C
inj)c for any diagram category C,
(2) Id : (MCproj)c ⇆ (M
C
Reedy)c for any Reedy category C, or
(3) Id : (MCReedy)c ⇆ (M
C
inj)c for any Reedy category C,
induces a Quillen equivalence (R∗, L∗) on the homotopy model structures of func-
tors to S .
4.5. Categories. The categories Cat of small categories, Grpd of small groupoids,
and 2Grpd of 2-groupoids are all locally presentable and Cat-enriched, hence sim-
plicially enriched via the nerve functor. The Thomason model structure on Cat
is Quillen equivalent to S via the nerve functor [Tho80], but we do not know if it
satisfies the SM7 axiom, and certainly it is not true that all objects are cofibrant.
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Thus, we use Dugger’s replacement, of Section 2.1, in order to apply Theorem A
to the Quillen equivalence between D(Cat) and D(sSet).
The category of simplicial groupoids has a combinatorial, simplicial model struc-
ture that is Quillen equivalent to S [DK84]. The left adjoint G : S → sGrpd is the
free simplicial groupoid on a simplicial set. Since both categories are simplicial,
but sGrpd fails to have all objects cofibrant, so we may use Theorem 4.1 on the
Quillen equivalence between Sc and sGrpdc. The category of 2-groupoids has a
combinatorial model structure Quillen equivalent to S by [MS93, Corollary 2.6],
via the adjoint pair Wh ⊣ N of the Whitehead 2-groupoid functor and the nerve
functor. We again use Dugger’s replacement on this Quillen equivalence.
The Quillen equivalence between simplicial sets and groupoids induces a Quillen
equivalence between simplicial presheaves (with values in S ) and sPreGpd(C),
presheaves of simplicial groupoids (functors from Cop to sGrpd) [JT]. These cat-
egories are combinatorial and simplicial, so Theorem 4.1 may be used. Similarly,
one obtains a Quillen equivalence between a local model structure sPreGpdloc(C)
and simplicial sheaves sShvGpd(C) [Jar07, Theorem 20], and Dugger’s replacement
may be used on these categories. Applying Theorem A we obtain:
Theorem 4.7. Each of the following Quillen equivalences:
(1) L = D(| − |) : D(S)⇆ D(Cat) : D(N) = R,
(2) L = G : Sc ⇆ sGrpdc : W = R,
(3) L = D(Wh) : D(S)⇆ D(2Grpd) : D(N) = R,
(4) L = G : sPreinj(C)c ⇆ sPreGpd(C)c : W = R, and
(5) L = D(Sh) : D(sPreGpdloc(C))⇆ D(sShvGpd(C)) : D(i) = R
induces a Quillen equivalence (R∗, L∗) on the homotopy model structures of func-
tors to S .
4.6. Infinity Categories. The theory of∞-categories also provides a rich source
of examples of Theorem A. The most common model categories to encode ∞-
categories are listed in [BSP11], along with Quillen equivalences between them.
The models include the categories QCat of quasi-categories, SCat of simplicial
categories (with the Bergner model structure), RelCat of relative categories (with
the Barwick-Kan model structure), CSS of complete Segal spaces (with the Rezk
model structure), Segp of Segal categories with the projective model structure,
and Segi of Segal categories with the injective model structure. Furthermore,
Rezk’s model of complete Θn-spaces is Quillen equivalent to the n-fold complete
Segal spaces, and a number of Quillen equivalences for models of (∞, n)-categories
are given in [BR13]. All these models are combinatorial, but many fail the SM7
axiom, and not all of them have all objects cofibrant. For this reason, we must
use Dugger’s replacement by simplicial model categories with all objects cofibrant,
from Section 2.1. Rather than listing all the possible Quillen equivalences, we
simply state one omnibus result:
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Corollary 4.8. Let L : M ⇆ N : R be a Quillen equivalence between two com-
binatorial models M,N for the theory of (∞, n)-categories. Then the adjunction
D(L) : D(M) ⇆ D(N) : D(R) induces a Quillen equivalence R∗ : SD(M) ⇆
SD(N) : L∗ on homotopy model structures of functors.
This corollary makes precise the slogan from the introduction that the homo-
topy theory of homotopy functors is homotopy invariant: for any combinatorial
Quillen equivalent models for the homotopy theory of (∞, n)-categories there is an
equivalence between the homotopy theories of homotopy functors in either setting.
There is a similar network of Quillen equivalences between the various models for
∞-operads, detailed in [GGA15], and all models considered are combinatorial and
simplicial. Thus, we obtain:
Corollary 4.9. Let L : M ⇆ N : R be a Quillen equivalence between two com-
binatorial models M,N for the theory of ∞-operads. Then the adjunction D(L) :
D(M) ⇆ D(N) : D(R) induces a Quillen equivalence R∗ : SD(M) ⇆ SD(N) : L∗
on homotopy model structures of functors.
References
[Bar10] Clark Barwick. On left and right model categories and left and right Bousfield localiza-
tions. Homology, Homotopy Appl., 12(2):245–320, 2010.
[BK12] C. Barwick and D. M. Kan. Relative categories: another model for the homotopy theory
of homotopy theories. Indag. Math. (N.S.), 23(1-2):42–68, 2012.
[BSP11] Clark Barwick and Chris Schommer-Pries, On the Unicity of the Homotopy Theory of
Higher Categories, available as arXiv:1112.0040.
[BD07] Friedrich Bauer and Tamar Datuashvili, Simplicial model category structures on the
category of chain functors, Homology, Homotopy, and Applications, 9 (1), 107-138, 2007.
[BR13] Julie Bergner and Charles Rezk, Comparison of models for (∞, n)-categories, I, Geometry
& Topology 17 (2013), 2163-2202.
[BC15] Georg Biedermann and Boris Chorny. Duality and small functors. Algebr. Geom. Topol.,
15(5):2609–2657, 2015.
[BCR07] Georg Biedermann, Boris Chorny, and Oliver Ro¨ndigs. Calculus of functors and model
categories. Adv. in Math., 214(1):92–115, 2007.
[Bla01] Benjamin Blander. Local projective model structures on simplicial presheaves, K-Theory,
Volume 24, Number 3, November 2001 , pp. 283-301(19)
[Bou01] A. K. Bousfield. On the telescopic homotopy theory of spaces. Trans. Amer. Math. Soc.,
353(6):2391–2426 (electronic), 2001.
[BF78] Bousfield and Friedlander. Homotopy theory of Γ-spaces, spectra, and bisimplicial sets.
In Geometric Applications of Homotopy Theory II, number 658 in Lecture Notes in Mathe-
matics. Springer, 1978.
[BG73] K. S. Brown and S. M. Gersten, Algebraic K-theory and generalized sheaf cohomology,
in Lecture Notes in Mathematics 341, 1973, pp. 266-292
[CC04] Jose´ Luis Castiglioni and Guillermo Cortin˜as, Cosimplicial versus DG-rings: A version
of the Dold-Kan correspondence, Journal of Pure and Applied Algebra, 191 (1-2), Pages
119-142, 2004.
[CR14] Michael Ching and Emily Riehl. Coalgebraic models for combinatorial model categories.
Homology Homotopy Appl., 16(2):171–184, 2014.
18 BORIS CHORNY AND DAVID WHITE
[Cho15] Boris Chorny. Homotopy theory of relative simplicial presheaves. Israel J. Math.,
205(1):471–484, 2015.
[CD09] Boris Chorny and William G. Dwyer. Homotopy theory of small diagrams over large
categories. Forum Math., 21(2):167–179, 2009.
[DL07] Brian Day and Stephen Lack. Small limits of functors. Journal of Pure and Applied
Algebra, 210:651–663, 2007.
[Dug01] Daniel Dugger. Combinatorial Model Categories have presentation. Adv. in Math.,
164(1):177–201, December 2001.
[Dug03] Daniel Dugger. Notes on delta-generated spaces, preprint available electronically from
http://math.uoregon.edu/∼ddugger/delta.html. 2003.
[Dug98] Daniel Dugger. Sheaves and Homotopy Theory. Preprint available from
http://math.mit.edu/∼dspivak/files/cech.pdf. 1998.
[DHI04] Daniel Dugger, Sharon Hollander, Daniel C. Isaksen. Hypercovers and simplicial
presheaves. Math. Proc. Cambridge Philos. Soc., 136 (2004), no. 1, 9-51
[DRØ03] B. I. Dundas, O. Ro¨ndigs, and P. A. Østvær. Enriched functors and stable homotopy
theory. Doc. Math., 8:409–488 (electronic), 2003.
[DRØ03(a)] Bjørn Ian Dundas, Oliver Ro¨ndigs, Paul Arne Østvær, Motivic Functors, Documenta
mathematica, vol. 8 (2003), pages 489-525
[DK83] W. G. Dwyer and D. M. Kan. Equivalences between homotopy theories of diagrams.
Algebraic topology and algebraic K-theory (Princeton, N.J., Ann. of Math. Stud.), Vol 113
(1983), pages 180-205.
[DK84] W. G. Dwyer and D. M. Kan. Homotopy theory and simplicial groupoids. Nederl. Akad.
Wetensch. Indag. Math., 46(4):379-385, 1984.
[DK87] W. G. Dwyer and D. M. Kan. Equivalences between homotopy theories of diagrams. In
Algebraic topology and algebraic K-theory (Princeton, N.J., 1983), volume 113 of Ann. of
Math. Stud., pages 180–205. Princeton Univ. Press, Princeton, NJ, 1987.
[FR08] L. Fajstrup and J. Rosicky, A convenient category for directed homotopy, Theory and
Applications of Categories, Vol. 21, 2008, No. 1, pp 7-20.
[GGA15] Javier Gutie´rrez, Moritz Groth, Dmitri Ara, On Autoequivalences of the (∞, 1)-
category of ∞-operads, Mathematische Zeitschrift 281 (2015), no. 3-4, 807-848
[GW17] Javier J. Gutie´rrez and David White. Encoding equivariant commutativity via operads,
preprint available as arXiv:1707.02130.
[HKRS17] K. Hess, M. Ke¸dziorek, E. Riehl, and B. Shipley, A necessary and sufficient condition
for induced model structures, J. Topology 10 (2017), 324-369.
[Hel15] Jeremiah Heller, Motivic strict ring spectra representing semi topological cohomology
theories, Homology Homotopy Appl., Vol 17 (2015), no. 2, 107-135.
[HKØ15] Jeremiah Heller, Amalendu Krishna, Paul Arne Østvær, Motivic homotopy theory of
group scheme actions, Journal of Topology, Vol. 8 (2015), no. 4, pages 1202-1236.
[Hir03] Philip S. Hirschhorn.Model categories and their localizations, volume 99 ofMathematical
Surveys and Monographs. American Mathematical Society, Providence, RI, 2003.
[Hor06] Jens Hornbostel, Localizations in motivic homotopy theory, Mathematical Proceedings
of the Cambridge Philosophical Society, 140 (1), 95-114, 2006.
[Hor13] Jens Hornbostel, Preorientations of the derived motivic multiplicative group, Algebraic
& Geometric Topology, 13 (5), 2667–2712, 2013.
[Hov99] Mark Hovey. Model categories. Mathematical Surveys and Monographs 63. American
Mathematical Society, Providence, RI, 1999.
[HSS00] Mark Hovey, Brooke Shipley, and Jeff Smith. Symmetric spectra. J. Amer. Math. Soc.,
13(1):149–208, 2000.
HOMOTOPY THEORY OF HOMOTOPY PRESHEAVES 19
[HW13] Mark Hovey and David White. An alternative approach to equivariant stable homotopy
theory, preprint available electronically from http://arxiv.org/abs/1312.3846. 2013.
[Isa04] Daniel C. Isaksen, Flasque model structures for presheaves, K-theory, 36, 371-395, 2005.
[Jar87] J.F. Jardine. Stable homotopy theory of Simplicial Presheaves. Canadian Journal of
Mathematics, Vol 39 (1987), 733-747.
[Jar00] J.F. Jardine. Motivic Symmetric Spectra. Documenta Mathematica Volume 5 (2000),
pages 445-553.
[Jar07] J.F. Jardine. Fields Lectures: Simplicial presheaves. Available electronically from
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.161.9585. 2007.
[Joy84] Andre Joyal. Letter to A. Grothendieck. 1984.
[JT] Andre Joyal and Miles Tierney, On the homotopy theory of sheaves of simplicial groupoids,
Math Proc of the Cambridge Philos. Soc, Volume 120, Issue 2, 1996 , pp. 263-290
[Kel82] Gregory Maxwell Kelly. Basic concepts of enriched category theory, volume 64 of London
Mathematical Society Lecture Note Series. Cambridge University Press, Cambridge, 1982.
[Lur09] Jacob Lurie. Higher Topos Theory. Annals of Mathematics Studies 170, 2009.
[Lur∞] Jacob Lurie, Higher Algebra, available from http://www.math.harvard.edu/∼lurie/papers/HigherAlgebra.pdf,
2012.
[Lyd98] M. Lydakis, Simplicial functors and stable homotopy theory, preprint available electron-
ically from http://hopf.math.purdue.edu/Lydakis
[MMSS01] M. A. Mandell, J. P. May, S. Schwede, and B. Shipley. Model categories of diagram
spectra. Proc. London Math. Soc. (3), 82(2):441–512, 2001.
[MS93] Ieke Moerdijk and J.A. Svensson, Algebraic classification of equivariant homotopy 2-
types I, Journal of Pure and Applied Algebra Volume 89, Issues 1-2, 8 October 1993, Pages
187-216
[PPR07] I. Panin, K. Pimenov, O. Ro¨ndigs On Voevodskys algebraic K-theory spectrum BGL,
The Abel symposium 2007 (Oslo, Norway, Aug. 5-10, 2007), Springer-Verlag, New York;
arXiv:0709.3905v1
[Per16] Luis A. Pereira, Cofibrancy of operadic constructions in positive symmetric spectra,
Homology, Homotopy and Applications 18(2), 133-168, 2016.
[Qui67] Daniel G. Quillen. Homotopical Algebra. Lecture Notes in Math. 43. Springer-Verlag,
Berlin, 1967.
[Rav15] Oriol Ravento´s. The hammock localization preserves homotopies. Homology Homotopy
Appl., 17(2):191–204, 2015.
[Rez10] C. Rezk, A Cartesian presentation of weak n-categories, Geometry & Topology, 14 (1),
521–571, 2010.
[Shi04] Brooke Shipley. A convenient model category for commutative ring spectra. In Homotopy
theory: relations with algebraic geometry, group cohomology, and algebraic K-theory, volume
346 of Contemp. Math., pages 473–483. Amer. Math. Soc., Providence, RI, 2004.
[Ste10] Herman Stel, ∞-stacks and their function algebras, with applications ot ∞-Lie theory,
Master thesis, Universiteit Utrecht, 2010.
[Sto11] Martin Stolz. Equivariant structure on smash powers of commutative ring spectra, ph.d.
thesis available electronically from http://folk.uib.no/hus001/data/thesismartinstolz.pdf.
2011.
[Tho80] R. W. Thomason, Cat as a closed model category, Cahiers Topologie Ge´om. Diffe´rentielle
21, no. 3 (1980), pp. 305-324.
[Whi14] David White. Monoidal Bousfield localizations and algebras over operads, available as
arXiv:1404.5197. 2014.
[WY16] David White and Donald Yau. Homotopical Adjoint Lifting Theorem. Available as
arXiv:1606.01803.
20 BORIS CHORNY AND DAVID WHITE
University of Haifa at Oranim, Tivon, Israel
E-mail address : chorny@math.haifa.ac.il
Denison University, Granville, OH, USA
E-mail address : david.white@denison.edu
